Certain one-loop processes in eleven-dimensional supergravity compactified on T 2 determine exact, non-perturbative, terms in the effective action of type II string theories compactified on a circle. One example is the modular invariant U (1)-violating interaction of sixteen complex spin-1 2 fermions of tendimensional type IIB theory. This term, together with the (curvature) 4 term, and many other terms of the same dimension are all explicitly related by supersymmetry.
The interconnections between different string theories and eleven-dimensional supergravity provide strong constraints on the possible form of various terms in the low energy expansion of the effective action of M-theory and its compactifications. The relationships between classical eleven-dimensional supergravity [1] and the classical type II supergravity theories are well known [2, 3, 4] . There is also some understanding of certain special terms of higher order in the low energy expansion. For example, absence of five-brane anomalies and other arguments determine the presence of an eleven-form, C (3) ∧ X 8 [5, 6] (where X 8 is an eight-form made from the curvature). Another example is the t 8 t 8 R 4 term 4 that can be deduced from a one-loop quantum calculation in eleven-dimensional supergravity [9] . Compactifying on R 9 × T 2 and identifying the complex structure of T 2 with the complex scalar field, ρ, of type IIB superstring theory leads to an exact determination of the t 8 t 8 R 4 term in the type IIB effective action, including perturbative and non-perturbative terms. This reinforces the suggestion that the coefficient of the exact t 8 t 8 R 4 term in the effective superstring action is a specific non-holomorphic modular function of the scalar fields, f (ρ,ρ) [7, 8] . One implication of this suggestion is that there should be a non-renormalization theorem for the t 8 t 8 R 4 term in type II string theory that prevents perturbative contributions beyond one loop. Recently, very strong evidence for such a non-renormalization theorem has been obtained [10, 11] . There has also been related work on compactification to lower dimensions [12] and heterotic/type I duality [13] To understand the structure of these terms recall that in the IIB theory [14, 15, 16, 17, 18 ] the complex field parameterizes the coset SL(2, R)/U (1) (or, equivalently, SU (1, 1)/U (1)) where the U (1) acts locally on the fermions in the theory. The SL(2, R) symmetry of classical IIB supergravity is broken in string theory (already at tree level) to SL(2, Z) and ρ = ρ 1 + iρ 2 = C (0) + ie −φ (where φ is the dilaton and C (0) the Ramond-Ramond scalar) spans the fundamental domain, SL(2, Z)\SL(2, R)/U (1). This means that the U (1) 'R-symmetry' is also broken and interactions arise in which the U (1) charge is violated by even integers. The characteristic feature of those terms in the IIB effective action that are protected by non-renormalization theorems is that they are F -terms, or integrals over sixteen fermionic zero modeshalf the Grassmann coordinates of the full type II superspace. Many of these protected terms, such as the t 8 t 8 R 4 term, conserve the U (1) charge. Other examples are the purely bosonic terms considered at one string loop in [19] such as ∂ 2 GG * R 2 (where G is a complex combination of the field strengths of the two antisymmetric tensors), ∂ 4 (GG * ) 2 , and other interactions involving the complex scalar. The derivatives here simply balance the dimensions -the precise index structure will be apparent later, There are also terms coupling two fermions to two bosons, such as ∂ 3 λψ * G * R (where λ is the complex spin-1 2 fermion, ψ is the gravitino), and four-fermion terms such as ∂ 6 (λλ * ) 2 . We will see later that the full non-perturbative expressions for these terms in the effective action have a very simple origin in a supersymmetric expression (some ot these terms have also been discussed in [20] ). The main point of this paper will be to generalize the arguments of [9] to include terms in the effective action which, in the type IIB language, do not conserve the U (1) charge. Any Feynman diagram in IIB supergravity naively preserves the classical symmetry but such diagrams are hopelessly divergent. A consistent regularization should allow for U (1) breaking since it is in any case broken by the effects of D-instantons. String theory does not possess the continuous symmetry even at tree level. The vertices coupling the massive string states only respect the discrete symmetry and, as will be seen explicitly later, there are SL(2, R)-violating terms in the tree-level effective action that are crucial in ensuring the SL(2, Z) invariance of the full theory. Thus, string theory regulates the perturbative loop divergences in a manner that breaks the U (1) symmetry to a discrete subgroup. The class of U (1)-violating processes that is protected from perturbative renormalization beyond one loop is related by supersymmetry to the t 8 t 8 R 4 term as will be described at the end of this paper. It must therefore be possible, as in the U (1)-conserving examples, to obtain the complete effective action for these terms by calculating eleven-dimensional oneloop amplitudes and using the correspondence between M-theory on T 2 and IIB on S 1 . The main new feature, which we will discuss in detail, is the identification of the fermions in the two theories which was not discussed in [3, 4] . We will concentrate particularly on the example of the λ 16 interaction. This is the analogue of the 't Hooft fermion vertex in standard Yang-Mills instanton backgrounds [7] . Since λ carries U (1)-spin 3 2 in the conventions used in [17] , this term violates 24 units of charge -the presence of D-instanton effects breaks the U (1) to a discrete subgroup. A striking difference from the examples of terms that conserve the U (1) symmetry is that the supergravity one-loop diagram for this process vanishes in the eleven-dimensional limit, in which the volume of the torus is infinite. For finite volume the only configurations that contribute are those in which the particle circulating in the loop winds around at least one cycle of the torus a non-zero number of times. The zero winding number sector, which would have been divergent, is absent and the loop diagram is really finite.
The denotes the holomorphic and anti-holomorphic weights and a function transforming with a U (1) charge 2j has weight (−j, j). Furthermore, supersymmetry relates these terms to all other terms of the same dimension that are integrals over half the superspace. This will be expressed in a compact form by an on-shell superspace expression.
One loop with four gravitons on
We will begin by reviewing the t 8 t 8 R 4 term [7] obtained in [9] by evaluating the four-graviton oneloop amplitude of eleven-dimensional supergravity compactified on a torus, T 2 , in the directions 9, 11. The volume of the torus is V = R 9 R 11 and its complex structure, Ω = Ω 1 + iΩ 2 , may be expressed in terms of the components eleven-dimensional metric Gμν (μ = 0, · · · , 9, 11) as Ω 2 = G 9 9 /G 11 11 = R 9 /R 11 and Ω 1 = G 9 11 /G 11 11 = C (1) , where C (1) is the component of the IIA one-form along the direction x 9 . The expression for the amplitude, obtained rather efficiently by considering a first-quantized super-particle in the light-cone gauge [9] , has the structure,
where
is the graviton vertex operator for the rth graviton with momentum k r and is evaluated at a proper time τ r around the loop (and dimensional quantities are measured in units of the eleven-dimensional Planck scale). The trace is over the fermionic zero modes and the loop momentum in the directions 0, · · · , 8 and the integers m and n label the Kaluza-Klein momenta in the directions 9, 11 of T 2 . The details of the complete set of light-cone vertices of eleven-dimensional supergravity are contained in [22] but will not be needed here. The trace over the fermionic modes gives an overall factor, K, which contains eight powers of the external momenta and is the linearized form of (1) is obtained by setting the momenta equal to zero in the remainder of the loop integral. It is convenient to perform a double Poisson resummation in order to rewrite the sum over the Kaluza-Klein momenta as a sum over windings, m andn, of the loop around the cycles of T 2 , giving,
is a modular function. The cubic ultraviolet divergence of A R 4 is contained in the zero winding term, m = 0 =n, which has the divergent coefficient, C. It was argued in [8] that in any regularization that is consistent with T-duality between the IIA and IIB string theories in nine dimensions this has to be replaced by a regularized finite value, C = π/3 [9] . Presumably a microscopic description of M-theory (such as matrix theory) would reproduce this value. In the limit of zero volume, V → 0, this term disappears and only the term with coefficient V − 1 2 survives. After appropriate rescaling of variables this reproduces the t 8 t 8 R 4 terms in the effective action of ten-dimensional type IIB string theory. More precisely, it reproduces the known tree-level and one-loop results as well as an infinite set of D-instanton corrections. It remains a strong conjecture that there are no higher-loop corrections [7] . 5 The function f in (3) is the s = 3 2 example of a generalized (nonholomorphic) Eisenstein series, or Maass waveform [24] , and is an L 2 eigenfuntion of the Laplace operator on the upper-half plane,
This Ward identity follows from the insertion of two zero-momentum vertices for moduli fields in the four-graviton loop.
Fermions in IIB on S 1 and M-theory on T
2
A key aspect of the duality symmetries is the connection between M-theory on a torus of volume V and complex structure Ω and the type IIB theory on a circle of circumference r B (in the string frame) [3, 4] . The SL(2, Z) duality of IIB string theory is thereby interpreted as the invariance of M-theory on T 2 under the SL(2, Z) group of large diffeomorphisms of the two torus. The relation between the scalar fields of the two theories is well-known to be given by
The compactification radius in the IIB theory Einstein frame is given by r
. The three-form potential, Cμνρ, is simply related to the two-forms B N and C (2) of the IIB theory. However, it will also be important for us to obtain the relationship between the fermions in the two theories. To do this we begin by reviewing the symmetries of IIB supergravity.
(a) Type IIB The scalar fields, which parameterize the coset SL(2, R)/U (1), couple to the fermions couple in a locally U (1) invariant manner. This coupling is described with the aid of the vielbein which is given (in a complex basis) by the SL(2, R) matrix,
The group SL(2, R) acts by matrix multiplication from the left and the local U (1) acts from the right, so that under the combined transformations,
where ad − bc = 1. The U (1) acts only on the fermions and on V while the SL(2, R) acts only on V and the second-rank antisymmetric tensor potentials, B α (where B 1 = B N is in the NS-NS sector and
in the R-R sector). We will fix the U (1) gauge by setting φ = 0, 6 so that a compensating gauge transformation accompanies an SL(2, R) transformation in order to maintain the gauge condition. In this case a general SL(2, R) transformation transforms the complex scalar by
where the compensating U (1) transformation is given by
which induces chiral transformations on the complex spin- 
(µ = 0, 1, · · · , 9) which have U (1) charges 
has charge 2. The graviton h µν and the fourth-rank potential C (4) are neutral under both U (1) and SL(2, R). The one-form,
is a composite U (1) gauge connection. Compactification of the IIB theory on a circle S 1 of circumference r B (in string frame) in the direction x 9 breaks the SO(9, 1) Lorentz symmetry to SO(8, 1). The complex chiral spin- 
where the factor of r B comes from the component e 99 of the zehnbein. The nine-dimensional gravitino is defined by shifting ψ a ,ψ
so that the kinetic term is diagonal.
We will now identify the components of the T 2 compactification of eleven-dimensional gravitino, Ψμ (wherem labels the eleven-dimensional tangent-space), that correspond to the IIB fermions on a circle. Compactification on T 2 breaks the local Lorentz symmetry from SO(10, 1) to SO(8, 1) × SO(2). The nine-dimensional fermions can then be organized into eigenstates of SO(2) ≡ U (1), which we is easily related to the U (1) in the denominator of the coset space of the IIB theory. The world indiceŝ µ = 0, · · · , 9, 11 split into the compact directions σ = 9, 11 and the noncompact directions α = 0, · · · , 8. We will make a block diagonal ansatz for the eleven-dimensional elfbein, em µ ,
where a labels the nine-dimensional tangent space (a = 0, 1 · · · , 8) and s the two-dimensional tangent space (s = 1, 2). The zweibein, e s σ , of T 2 may be chosen, in a special Lorentz frame, to be
Symplectic reparametrizations of the torus act as SL(2, R) matrices from the left and local Lorentz transformations act as SO (2) transformations from the right. The condition that the zweibein remains in the frame (16) leads to the standard SL(2, Z) transformation of the complex structure of the torus,
and induces a specific Ω-dependent U (1) transformation on the fermions. We may write the spin-1 2 components of the compactified gravitino in a complex basis, z = x 11 + ix 9 , z = x 11 − ix 9 , as Ψ z = Ψ 11 + iΨ 9 and Ψz = Ψ 11 − iΨ 9 . To relate these 32-component spinors to λ and χ of the IIB theory we shall first organize them into eigenstates of the U (1) rotations of the compact T 2 generated by iΓ 9 Γ 11 /2 + j vec , where j vec acts on the vector index so that j vec Ψ z = Ψ z and j vec Ψz = −Ψz.
Those components of the spin connection that have tangent-space indices in the compact directions are given by
The IIB scalars are identified by P α = ω z,αz ,P α = ωz ,αz and ω z,αz = −4∂ α ln r E B /3 . The Γ matrices, defined in the complex basis by Γ z = 1 2 (Γ 11 + iΓ 9 ) and Γz = 1 2 (Γ 11 − iΓ 9 ), obey
so that the combinations
(where the superscript T indicates the transpose) are projectors, satisfying
The action of these projectors on a 32-component real spinor is to replace it with a complex sixteen component spinor which is an eigenstate of the U (1) spin, iΓ 9 Γ 11 /2. Therefore, we may identify the four fermions of the nine-dimensional compactified theory with the components,
The components (21) have U (1) charges + This leads to the identifications,
which gives the eigenstates of Γ 11 ,
In terms of the real components
where the superscripts ± indicate the chirality (the value of Γ 11 ). Similarly, writing χ = χ 1 + iχ 2 and multiplying (23) by (1 + Γ 11 ) leads to
The remaining components, Ψ α form the nine-dimensional gravitino after a shift similar to (14) ,
The relations between the M-theory fields and the IIB fields can be confirmed by comparing the way they behave under supersymmetry transformations. For completeness we may also relate the IIB fermions to the IIA fermions in the obvious manner. The spin-1/2 fermions in the IIA theory follow by direct dimensional reduction of eleven-dimensional supergravity [26] . The nine-dimensional fermions that arise from the spin- 
which decomposes into the chiral components,
Similarly,
which has chiral components
Comparing (25) with (29) and (26) with (31) gives the identification of fields of IIA and IIB in nine dimensions,
which are in agreement with the world sheet T-duality rules.
One loop with 16 λ's on
The calculation of the loop amplitude is facilitated by using the light-cone superspace description of the eleven-dimensional super-particle, as with the t 8 t 8 R 4 loop in [9] . However, the λ 16 term of interest is given by a zero-momentum process which is simple to calculate without using the full gravitino vertex operators (they will appear in [22] ). The zero-momentum loop amplitude has the structure (ignoring an overall constant)
where V (r) λ (0) is the zero-momentum vertex for the λ component of the rth gravitino. This is independent of the proper time and the factor of τ 16 is simply the volume of integration over the proper times of the vertices around the loop. The trace in the above expression is over the fermionic operators in the vertices. The zero-momentum gravitino vertex is very simply expressed in terms of the eleven-dimensional supercharge, Q A , by
where ζ Â µ is the zero-momentum wave function, pμ is the momentum of the particle circulating around the loop andζμ ≡ ζμΓ 0 (with no complex conjugation). The expression (34) can be derived by imposing the conditions that the Ψ, h and C (3) vertices transform into each other under supersymmetry in the appropriate manner. This is the same argument conventionally used to derive superstring vertices. It is most explicit in the light-cone formalism in which the SO(10, 1) symmetry is broken to SO(9) × SO(1, 1) before compactification (and to SO(7) × SO(2) × SO(1, 1) after) . The supercharge Q A is represented on the momentum and a fermionic SO(9) spinor, S, satisfying Γ + S = 0 (where
In writing (34) we have ignored contact terms which do not contribute to the spin-1 2 process that we are interested in below. We now want to consider the components of Ψμ containing λ. Inverting (24) gives,
from which it follows that
where q = PzQ is a projected supercharge that satisfies the anticommutation relations
The momentum dependence can be scaled out by changing toq A = q A (pz) In the light-cone gauge formalism the vertex (36) reduces to the components,
where λ andλ here refer to the Γ + Γ − and Γ − Γ + projections on the covariant spinor wave function (and Γ 9AB ≡ δ AB in the projected subspace).
Substituting the expression for the vertices (36) into (33) and integrating over the loop momentum gives an expression of the form
where the kinematic prefactor,K =λ
is manifestly antisymmetric under permutations of the (commuting) fermion wave functions due to the anticyclic property of the trace. It can be rewritten (up to an overall constant) aŝ
where the antisymmetric tensor T (which is analogous to the SO(8) tensor t i1···i8 defined earlier) may be defined in terms of a Grassmann integral,
where η is a Grassmann variable. The kinematic factor is SO(9, 1) covariant. The rest of the expression (39) depends on the circumference r B through the factor V − 1 2 . The Ω andΩ dependence comes from the loop integration and is given by
The convergence properties of this expression will be discussed below. The complete expression for the λ 16 field theory interaction is given (up to an overall constant) by
where λ A is here the anticommuting spin- The final expression (44) is superficially cubically divergent due to the sum over the Kaluza-Klein charges. However, this is misleading since it does not take into account the phase dependence. Indeed, for asymptotically large m and n the sum over discrete momenta p z and pz can be replaced by integrals and the result is proportional to dp z dpzp
which vanishes. In order to extract the finite result it is useful, as before, to use a double Poisson summation to transform from the discrete momentum sum to a sum over windings of the loop around the torus. Writing
the Poisson resummation equates this to
wherem andn are winding numbers. Although the treatment of the zero winding-number term,m =n = 0, looks somewhat ambiguous, the earlier argument concerning the absence of an ultraviolet divergence reinforces its exclusion from the sum. It is easy to see that under SL(2, Z) transformations from Ω to Ω ′ ,
which cancels the transformation of λ 16 (10) so that the amplitude is invariant.
After translating from the M-theory coordinates (Ω, V) to the string-frame IIB coordinates (ρ, r B ) using (5) the expression A λ 16 gives a finite contribution to the IIB effective action in the limit, r B → ∞, of ten decompactified dimensions,
In writing this string-frame expression the fermion field has been rescaled by λ → λe φ/8 in transforming from the Einstein frame.
Large ρ 2 expansion It is of interest to expand (50) in the weak-coupling limit, ρ 2 = e −φ → ∞, in order to make contact with the terms that arise in type IIB perturbative string theory. The leading term comes from the terms withm = 0 in f 16 ,
which has a ρ 2 dependence that corresponds to a string tree-level contribution. Although we have not explicitly calculated this term in string theory, it must arise from the tree with sixteen λ states attached in much the same way as the t 8 t 8 R 4 term was found as a nonleading tree effect [27, 28] .
In order to take the large ρ 2 limit in the remainder of the terms (m = 0) it is necessary to do undo the Poisson resummation on the indexn, giving,
The n = 0 term in this expression is
which has the ρ 2 -dependence characteristic of a one-loop contribution. It is easy to see that the one-loop type IIB string amplitude with sixteen external λ's can, indeed, be non-zero. This is an intrinsically stringy effect, in which massive string states circulate in the loop. Again, we have not checked its coefficient with (53).
As with the t 8 t 8 R 4 terms there are no higher-loop contributions in (52). The remaining terms which havem = 0, n = 0 give nonperturbative contributions that are associated with D-instanton effects. They can be evaluated by making use of the integral representation for Bessel functions,
and the asymptotic expansion
The result is that the non-perturbative terms have the form, 
is an arbitrary modular form of weight (d,d) . Using the notation,
it follows very simply that the functions f 16 and f are related by
and the effective action (50) can be written as
up to an overall constant that will be fixed by supersymmetry.
Linearized supersymmetry and other terms of the same dimension. The close connection between t 8 t 8 R 4 and λ 16 terms is obviously a consequence of their common superspace origin which can be seen already in the rigid limit of the linearized theory. Consider a linear superfield Φ(x, θ) (where θ is a complex chiral SO(9, 1) Grassmann spinor) that satisfies the holomorphic constraint D * Φ = 0 and the on-shell condition D 4 Φ = D * 4 Φ * [18] where
(recall thatθ = θΓ 0 does not involve complex conjugation) are the holomorphic and anti-holomorphic covariant derivatives that anticommute with the rigid supersymmetries
The field Φ has an expansion in powers of θ (but not θ * ), describing the 256 fields in an on-shell supermultiplet,
where ∆ is the linearized fluctuation around a flat background with a constant scalar, ρ 0 = ρ − a = C
0 + ig −1 . The coefficients of the component fields are consistent with the conventions used in [17] . The terms indicated by · · · fill in the remaining members of the ten-dimensional N = 2 chiral supermultiplet, comprising (in symbolic notation) ∂dC (4) , ∂ψ *
Although the linearized theory cannot capture the full structure of the terms in the effective action it can be used to relate various terms in the limit of weak coupling, Imρ 0 = g −1 → ∞ (where g = e φ0 is the coupling constant). The linearized supersymmetric on-shell action has the form
which is manifestly invariant under the rigid supersymmetry transformations, (63). The various component interactions contained in (65) are obtained from the θ 16 term in the expansion,
The covariant derivatives in the complete nonlinear relation between the t 8 t 8 R 4 and λ 16 coefficients (60) differ from the linear derivatives in (66) because they contain inhomogeneous terms ρ
It is clear that even in the g → 0 limit such terms may be as important as the ∂/∂ρ 0 term when D acts on a function of g. However, the inhomogeneous term may be neglected and the covariant derivative linearizes in the limit g → 0 when acting on the factors e 2πimnρ0 of the instanton terms. Therefore, a linearized superspace expression such as (65) must contain the exact leading multi-instanton contributions to the 
The single instanton term (m = n = 1) is the analogue of the 't Hooft vertex in Yang-Mills theory and its form can be deduced directly by semi-classical quantization of fermionic zero modes in the background of a D-instanton solution of the type IIB supergravity. The t 8 t 8 R 4 interaction in (66) comes from the ∆ 4 term. Using the coefficients (67) gives agreement with the expression for the instanton contributions in [7] in the e φ → 0 limit. After taking into account some combinatoric factors the relative coefficients of the 
where the superscripts indicate the instanton number (mn > 0). This coincides, as it should, with the large ρ 2 linearization of (60). All of the θ 16 terms that contribute to S ′ are terms of the same dimension that conserve the U (1) charge mod 2. These include the terms mentioned in the introduction that conserve the U (1) charge while the λ 16 term violates the U (1) charge maximally. Among the many other contributions are terms, such as
The covariantization of the derivatives in the exact expression, necessary for SL(2, Z) invariance, must involve the full nonlinear structure of the theory. This requires an infinite number of corrections of higher order in g to each instanton contribution. It is clear how such terms arise in the stringy description of a single D-instanton [7] . There, the leading effect arises from sixteen disks with Dirichlet boundary conditions in all directions with one λ and one open-string fermion vertex operator attached to each disk.
The nonleading effects arise from summing diagrams with less than sixteen disks with any subset of the sixteen λ's attached to each. Such a simple description does not apply to the multiply-charged D-instantons. However, consistency with SL(2, Z) invariance suggests that the exact form of the terms in the effective action is given simply by replacing the ordinary derivatives in the expansion (66) by covariant derivatives.
